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We present a numerical solution of the Euler equations of gas dynamics for a
weak-shock Mach reflection in a half-space. In our numerical solutions, the incident,
reflected, and Mach shocks meet at a triple point, and there is a supersonic patch
behind the triple point, as proposed by Guderley. A theoretical analysis supports the
existence of an expansion fan at the triple point, in addition to the three shocks.
This solution is in complete agreement with the numerical solution of the unsteady
transonic small-disturbance equations obtained by Hunter & Brio (2000), which
provides an asymptotic description of a weak-shock Mach reflection. The supersonic
patch is extremely small, and this work is the first time it has been resolved in a
numerical solution of the Euler equations. The numerical solution uses six levels
of grid refinement around the triple point. A delicate combination of numerical
techniques is required to minimize both the effects of numerical diffusion and the
generation of numerical oscillations at grid interfaces and shocks.

1. Introduction

Experimental observations (Bleakney & Taub 1949) of the irregular reflection
of a weak shock off a wedge show a reflection pattern that closely resembles a
single Mach reflection with a triple point. A theoretical analysis (Bleakney & Taub
1949; Henderson 1987; von Neumann 1963), however, implies that a standard triple-
point configuration, in which three plane shocks and a plane contact discontinuity
separated by constant states meet at a point, is impossible for sufficiently weak shocks.
This apparent inconsistency is one of the ‘von Neumann paradoxes’ of weak shock
reflection, which have been in dispute for over fifty years.

One way to resolve this apparent paradox was proposed by Guderley (1962). He
suggested that there is a supersonic patch behind the triple point in a weak-shock
Mach reflection, and that an expansion fan is generated at the triple point. The
terms supersonic, subsonic and sonic refer to a local self-similar frame of reference,
and are defined explicitly in the Appendix. A supersonic patch was recently found
in numerical solutions of the unsteady transonic small-disturbance equations, which
give an asymptotic description of the Mach reflection of weak shocks off thin wedges,
Hunter & Brio (2000). Higher-resolution solutions of the unsteady transonic small-
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disturbance equations, computed in self-similar coordinates, are shown in Tesdall &
Hunter (2000).

The unsteady transonic small-disturbance equations are a significant simplification
of the Euler equations. For example, vorticity and entropy variations are neglected
in this approximation. In this paper, we present a numerical solution of the Euler
equations for weak shock reflection in a half-space, using adaptive mesh refinement
near the triple point. The solution contains a supersonic patch behind the triple point
that is too small to be detected in previous numerical solutions of the Euler equations
(Colella & Henderson 1990) or in previous experiments. The parameters in our full
Euler solution are chosen to match the parameters in the unsteady transonic small-
disturbance solution in Hunter & Brio (2000). The Euler solution and the unsteady
transonic small-disturbance solution are remarkably similar, both qualitatively and
quantitatively. This work therefore confirms the validity of the results obtained from
the unsteady transonic small-disturbance equations, and shows that a supersonic
patch does occur in solutions of the Euler equations.

The numerical solution we present here is for an oblique shock reflection in a half-
space bounded by a solid wall, instead of for a shock reflection off a wedge. The simple
half-space geometry enables us to keep the incident shock steady on the grid, which
eliminates numerical diffusion and the generation of numerical noise at the shock. The
overall features of the shock reflection pattern in the half-space and wedge geometries
are very similar, but we did not obtain wedge solutions with the same resolution as the
half-space solutions shown here. Nevertheless, the similarity between the large-scale
structures of the solutions in the half-space and wedge geometries suggests that they
have the same local structure near the triple point. This conclusion also follows from
the matching argument in Hunter & Brio (2000), which shows that the local solution
near the triple point has the same asymptotic description in both geometries.

2. Weak shock reflection

The fluid density p, velocity u = (u,v), and energy density e satisfy the compressible
Euler equations,

pe+ V- (pu)=0,
(pu), + V- (pu®u-+pl) =0, (2.1)
(0/(e+ 42)), + ¥+ (o (e + 1) ut pu) =0,
We use an ideal gas equation of state,
p
y—1p°
where the ratio of specific heats y is taken to be 5/3.

For a gas with a given equation of state, there are two parameters in the shock
reflection problem:

e(p,p) =

M = Mach number of the incident shock,
0,, = angle of shock to wall normal.
When the shock strength M — 1 and the angle 0,, of the shock to the wall normal
are related by
M—1=0(?) as 0, —0, (2.2)
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FIGURE 1. Schematic diagram of weak-shock reflection patterns.

a pattern that resembles a single Mach reflection is observed. This pattern is illustrated
schematically in figure 1. Three shocks — the incident, reflected, and the Mach
shocks — meet at a triple point.

We solve the two-dimensional, compressible Euler equations in a half-space
—00 < x < o0, and y > 0. The initial data at t = 0 correspond to an oblique
plane shock,

__ (pRa Ugr, pR)a X > (tan Gw)y
(p-1.p) = { (pr,ur,pr), x < (tand,)y,

where the left- and right-hand states are connected by the Rankine—Hugoniot jump
conditions for a shock with Mach number M. The boundary condition on the wall
y=0is

v=0,

where v is the y-velocity component. We suppose that vg = 0, in which case vy # 0
for 0,, > 0. For t > 0, a reflected wave lifts off the wall as the initial data behind the
shock adjusts to the no-flow boundary condition on the wall.

By reflection of the solution in the wall y = 0, this problem is equivalent to a
three-state, two-dimensional Riemann problem for the compressible Euler equations.
The solution is self-similar, and depends only on the variables

X Y

oot = @’

where ¢ is a constant with the dimensions of velocity. In the Appendix, we show that
the sound wave characteristics of the self-similar Euler equations are given by

leg = tan (arcsin(ic/\/ 2+ %)+ arctan(ﬁ/ﬁ)) , (2.3)

where i = u—x/t, 5 = v — y/t, and ¢ = (yp/p)"/? is the sound speed. The self-
similar equations for the sound wave components are elliptic when &> + & < ¢?, and
hyperbolic when #* + #* > ¢?. The equations change type at the sonic line,

= (24)
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3. The numerical method

Our numerical scheme uses a finite volume formulation with the original one-
dimensional Roe approximate Riemann solver, extended to second order in space
by use of a monotonized central-difference flux limiter, and a Lax—Wendroff-type
correction to achieve second-order accuracy in time (LeVeque 1997). The Roe averages
are used to compute the numerical fluxes, with no sonic fix. The one-dimensional
solver is second-order accurate in space and time, while the overall scheme is formally
first-order accurate in time due to dimensional splitting,

To remove errors caused by numerical dispersion at the shocks, we apply a mono-
tonized central-difference flux limiter to the wave amplitudes in the approximate
Riemann solution throughout the domain.

We solve the shock reflection problem numerically in a reference frame moving
with the incident shock, and use a slanted grid whose coordinate lines are aligned with
the shock and the wall. As well as minimizing the size of the computational domain,
this grid gives a single-point transition for the incident shock, since a stationary grid-
aligned shock is an exact solution of the Roe scheme. The exact representation of the
incident shock on the grid eliminates small initial waves and oscillations produced by
the flux limiter, thus preventing the contamination of the solution near the triple point
by numerical oscillations. The computational cell is a parallelogram, and Riemann
problems are solved in the directions normal to the cell edges.

In order to resolve the solution near the triple point, we use a block adaptive grid
refinement technique described by Berger & Colella (1989). It would be computation-
ally expensive to use refined grids around all three shocks throughout the domain,
so we use grid refinement only around the triple point. As a result, the shocks cross
grid interfaces where the numerical viscosity is discontinuous. We need to take special
care to prevent the generation of diffusion waves and oscillations when this happens.

No waves are generated by the stationary incident shock, because it is an exact
solution of the numerical equations at all grid levels. The reflected shock becomes
very weak as it propagates away from the triple point, and the solution in the reflected
wave is sensitive to the effect of numerical diffusion that propagates from coarse to
fine levels. We make the distances between the boundaries of successively refined
regions large enough to reduce this source of error to an acceptable level. The Mach
shock becomes stronger as it moves away from the triple point and toward the wall.
Since the Mach shock moves slowly with respect to the grid, the effect of numerical
diffusion on it is small. We eliminate wave reflections when the Mach shock crosses
the grid interfaces by using a flux limiter at the lower grid boundary that reduces
the second-order space interpolation from coarse to fine grids to first order. Small
oscillations are generated by the flux limiter in the region near the wall where the
Mach shock is at a significant angle to the grid lines. This region is far from the triple
point, and these oscillations do not propagate into the triple point region.

Initially, all the grids have their lower boundary located on the wall, and contain
the point where the incident shock hits the wall, as illustrated in figure 2. The outflow
boundary condition is used for x < 0.15. For ¢t > 0, a triple point forms and moves
up the incident shock. We move the refined grids independently to keep the triple
point centred. It is crucial to keep the triple point inside the finest grid region. If we
refined an initially coarse grid at later times, we would just obtain a highly resolved
coarse solution.

We validated the code by carrying out convergence studies using various time and
space mesh sizes. We also compared our results with the previous computations of
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FIGURE 2. Time evolution of grid levels | = 0-3 in the adaptive grid structure.

p u v p
left 1.060 —1.295 —0.015 1.102
right 1.00 —1.37 0.00 1.00

TaBLE 1. Initial conditions for the density p, x-velocity u, y-velocity v, and pressure p to the left
and right of the incident shock. The initial location of the shock is x = (tan0,,)y with 0,, = 11.46°.

Colella & Henderson (1990). To verify the self-similarity of the solution, we checked
the constant velocity vector of the triple point and linear time dependence of the
horizontal distance from the triple point to the sonic line.

The solution contains very weak shocks, a tiny supersonic patch, and a very weak
expansion wave, so it is a good test problem for checking the accuracy and sensitivity
of a numerical scheme.

4. Results

We consider initial data that correspond to a shock with Mach number M = 1.04,
at an angle of incidence 6,, = 11.46° to the normal of a wall. Table 1 gives the initial
values of the fluid variables in the reference frame described in the previous section.

Figure 3 shows a numerical solution of equations (2.1) that gives an overall picture
of the Mach reflection. For clarity, only the boundaries of the first three of the six
refined grids are shown. The coarse level (I = 0) consists of 400 x 400 points on a
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FiGURE 3. Density contours on grid levels [ = 0-3.

parallelogram of size 0.2 x 0.4. The subsequent refined levels (I = 1 to 6) each have
120 x 240 points and a refinement ratio of 2 in each dimension, starting with a level
I =1 grid of size 0.03 x 0.12. The triple point location at time t = 1.6 is y ~ 0.1882.
The reflected shock is much weaker than the incident shock, with a Mach number
of approximately 1.003 at the triple point. The large-scale structure of the solution is
very similar to that obtained by Colella & Henderson (1990) for weak shock reflection
off a wedge. Their solution, however, uses only one level of grid refinement, and it is
not sufficiently resolved to reveal the structure of the solution near the triple point.

Figure 4 shows the density contours on the three most refined grids, and figure 5
shows the density contours on the finest grid. The dashed line in figure 5 is the
numerically computed location of the sonic line, equation (2.4). The sonic line bends
back into the reflected wave and there is a very small supersonic patch behind the
triple point. The supersonic patch is approximately 0.00015 wide in x and 0.001 high
in y. This height is approximately 0.5% of the height of the Mach stem.

As in the numerical solution of the unsteady transonic small-disturbance equations
in Hunter & Brio (2000), we find that the main effect of increasing numerical
resolution is that the dip of the density contours and the sonic line toward the triple
point becomes more pronounced. The widths of the shocks shrink with increasing
resolution, but the width of the supersonic patch remains almost the same, even
increasing slightly. This increase in size is presumably a result of the reduction of
numerical diffusion due to grid refinement, and shows that the patch is not an artifact
of numerical diffusion.

Henderson & Menikoff (1998) show that if three shocks meet at a point, then
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FIGURE 4. Density contours on grid levels | = 4-6.

they generate a contact discontinuity. Moreover, a configuration with three shocks
and a contact discontinuity is impossible for weak shocks, of the strength found
in this solution (Henderson 1987). Therefore we conjecture that the local structure
consists of three shocks, a contact discontinuity, and an expansion fan meeting at
the triple point. The jumps in the entropy and tangential velocity across the contact
discontinuity are so small, however, that we cannot see them directly in the numerical
solution. The density contours that dip toward the sonic point may be interpreted as
the density contours of an expansion fan whose corner is smoothed out by numerical
diffusion.

This structure is similar to the structure proposed previously in several different
problems involving triple points (Li & Ben-Dor 1997; Bleakney & Taub 1949;
Guderley 1962; Hunter & Brio 2000). The supersonic patch and the fan are embedded
inside an apparently continuous self-similar diffracted wave pattern behind the triple
point. Thus, the expansion fan is not a simple centred Prandtl-Meyer expansion fan
that separates constant states.

In the hyperbolic region, the self-similar equations have two families of sound wave
characteristics. Figures 6 and 7 show the numerically computed characteristic vector
fields, of equation (2.3), for the solution inside the supersonic patch at the finest grid
level. The minus characteristics cross the shocks, while plus characteristics converge
on all three shocks.

In the weak-shock limit, the transition from regular to Mach reflection occurs when
the shock strength M —1 and the angle 6,, of the shock to the wall normal are related
by (2.2). In this limit, the Euler equations may be approximated by the unsteady
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FIGURE 5. Density contours and sonic line (dashed) on grid level I = 6. The parallelogram shown is
covered by a 120 x 240 grid.

transonic small-disturbance equations. Because of transonic similarity, the local flow
pattern near the reflection and triple points depends on a single parameter,
O\

2yM -1
The parameter values M = 1.04 and 0,, = 11.46°, used above, correspond to a = 0.5.

A numerical solution of the asymptotic shock reflection problem for the unsteady
transonic small-disturbance equation with a = 0.5 is shown in Hunter & Brio (2000).
The unsteady transonic small-disturbance solution is remarkably similar to the Euler
solution. For instance, compare figure 8 and figures 10-11 in Hunter & Brio (2000)
with figure 5 and figures 67 here. Table 2 compares the values predicted from the
unsteady transonic small-disturbance solution for several important quantities with
the values obtained from the direct numerical solution. The values obtained using
the unsteady transonic small-disturbance and Euler equations are in good agreement,
although the size of the supersonic patch in the Euler solution is even smaller than
predicted from the unsteady transonic small-disturbance solution. Exact agreement
is not to be expected, since the unsteady transonic small-disturbance solution is only
accurate to the order M — 1.

a =

5. Conclusions

In this paper we have presented a numerical solution of the Euler equations for the
Mach reflection of a weak shock in a half-space that uses adaptive grid refinement
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FIGURE 6. The minus characteristic vector field on grid level [ = 6.

Euler UTSD
2 4.8° 5.7°
Mwall 1.073 1.072
M et 1.003 1.0028
hy 0.08% 0.1%
h, 0.53% 1.0%

TABLE 2. Comparison of the numerical solutions of the Euler and unsteady transonic small distur-
bance (UTSD) equations for M = 1.04, 0,, = 11.46°, and y = 5/3. Here, y is the angle of the triple
point to the wedge, My, is the strength of the Mach shock at the wall, M, is the strength of the
reflected shock at the triple point, h, is the width of the supersonic patch along the wall, and h, is
the height of the patch normal to the wall, as a percentage of the Mach stem height.

near the triple point. The solution contains a tiny supersonic patch behind the triple
point, as proposed by Guderley (1962). Our numerical solution of the Euler equations
is in excellent agreement with the numerical solution in Hunter & Brio (2000) of the
unsteady transonic small-disturbance equations.

For a shock with Mach number 1.04 at an angle of incidence of 11.46° in an ideal
gas with y = 5/3, the height of the supersonic patch is approximately 0.5% of the
height of the Mach stem, and its width is five times smaller. The patch is embedded
inside a diffracted wave pattern which is about five times larger than the patch itself.

The von Neumann triple point ‘paradox’ only arises with respect to an inviscid
description of the fluid flow. As we have shown, the apparent paradox is resolved by
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the existence of a tiny supersonic patch behind the triple point, and viscosity is not
required to explain it, as has sometimes been suggested (Sternberg 1959).

In view of the extremely small size of the patch, it is natural to ask what the
effect of viscosity is on the inviscid flow. Since the triple point lies in the interior of
the fluid, it is reasonable to expect that boundary layer effects do not influence the
local structure of the solution. Thus, the main effect of viscosity it to give the shocks
a finite thickness. The thickness 4 of a weak shock of Mach number M is given
approximately by (Thompson 1971)

A= M — 11,

where A is the mean free path in the gas. For example, the mean free path in argon
at standard conditions is given approximately by A = 6 x 107> mm. Therefore for
the values obtained in our computation, the reflected shock with Mach number
M = 1.003, has a thickness of 4 = 6 x 1072mm. The width W of the supersonic
patch along the wall is given by W = 8 x 107*H, where H is the height of the Mach
stem. For a Mach stem height of H = 100 mm, we get W = 8 x 10~*mm, and the
supersonic patch has the same size as the reflected shock structure. For a Mach stem
height of W = 1m, the patch is an order of magnitude larger than the reflected
shock thickness, and we expect that the viscous solution will approach the inviscid
solution for large times. Moreover, we also expect a greater separation between the
reflected shock strength and the patch width for stronger incident shocks, for example
M; = 1.09 and 0,, = 17.2°, which still corresponds to a = 0.5.
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Now that the parameters and the size of the physical region in question are better
known, we hope that an experimental observation of the patch will be possible.

The work of J. K. H. was partially supported by NSF under grant number DMS-
9404155. G. M. W. was supported in part by NASA grant NAG5-5164.

Appendix

In this Appendix we derive equation (2.3) for the self-similar sound wave charac-
teristics of the Euler equations, and equation (2.4) for the sonic line. See Courant &
Hilbert (1989) and Webb et al. (1998) for a general discussion of characteristics, and
Samtaney (1997) and Zhang & Zheng (1990) for a discussion of the self-similar Euler
equations.

Self-similar solutions of the Euler equations (2.1) have the form

u= COU(é’ 7/)’ U= COV(éa 17)’ p= POR(@ 1/’)’ P = pOP(éa ’7)7 (A 1)

where u = (u,v) is the fluid velocity, and

X

==, ==

- A2
C()l" Cot ( )

are the similarity variables. The constants py and po are characteristic values of the
pressure and density, and
1/2
_ <VPO>
Co =
Po

is the corresponding sound speed.

Use of (A1) and (A 2) in (2.1) gives the system

AV + APy, =0,
where ¥ = (R,U,V,P)T, and the matrices A" and A® are given by

U-¢& R 0 0
| 0 Uu=¢ 0o 1GR
0 0 U-¢ 0 ’
0 yP 0 U—-¢
V—n 0 R 0
0 0 V—n 1/(yR)
0 0 P V—n

The curve ¢(&,n) = const is a characteristic of this system if
det (¢:A" + ¢,A®) = 0. (A3)

Computing the determinant of this matrix, we find that ¢ satisfies

(U= &)g: + (U =)o, ([(U =z + (U —n)p,)* — & (0 + 92)} =0,

where
P12
- (5
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is a non-dimensionalized sound speed. Solutions of the equation
2
(U =8¢ + (U —np,] =0
are associated with entropy and vorticity waves, and solutions of
2 A
(U =8 +(U—ng,|” —&(@: + ;) =0 (A4)

are associated with sound waves. Writing

= 5 U = 5

z (n V—n

we find that the characteristics of (A 4) are given by

— =U+¢n, -~ =0, (A5)

where 7 is a parameter along the characteristics, and
n=(¢:+ )" <¢§)
Py

is the unit normal to the curve ¢ = const. On the self-similar sound wave character-
istics, (A 5), we have

n-dz =0, (U +¢n) x dz = 0. (A6)

0 =181 (Gns)- o=t (Sng) . m= ().
we obtain from the second equation in (A 6) the Mach cone equation
+e
(U =&+ —n]"
If (U — &)+ (V —n)> =22, then the flow is supersonic, and the solution of (A7) is
. ¢
0 = o £ arcsin <[(U T —77)2]1/2>'

Rewriting this equation as a differential equation for dn/d¢&, we get equation (2.3) in
§2. The sonic line,

Writing

sin (0 — o) = (A7)

(U= +(V —n) =2,
separates the supersonic region, with real sound wave characteristics, from the sub-
sonic region, with complex sound wave characteristics.
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